Starting from the analytic class number formula involving its Lfunction, we first give an expression for the class number of an imaginary quadratic field which, in the case of large discriminants, provides us with a much more powerful numerical technique than that of counting the number of reduced definite positive binary quadratic forms, as has been used by Buell in order to compute his class number tables. Then, using class field theory, we will construct a periodic character x . defined on the ring of integers of a field K that is a quadratic extension of a principal imaginary quadratic field k , such that the zeta function of K is the product of the zeta function of k and of the L-function L(s, x) • We will then determine an integral representation of this L-function that enables us to calculate the class number of K numerically, as soon as its regulator is known. It will also provide us with an upper bound for these class numbers, showing that Hua's bound for the class numbers of imaginary and real quadratic fields is not the best that one could expect. We give statistical results concerning the class numbers of the first 50000 quadratic extensions of Q(() with prime relative discriminant (and with K/Q a non-Galois quartic extension). Our analytic calculation improves the algebraic calculation used by Lakein in the same way as the analytic calculation of the class numbers of real quadratic fields made by Williams and Broere improved the algebraic calculation consisting in counting the number of cycles of reduced ideals. Finally, we give upper bounds for class numbers of K that is a quadratic extension of an imaginary quadratic field k which is no longer assumed to be of class number one.
L-FUNCTIONS AND CLASS NUMBERS OF IMAGINARY QUADRATIC FIELDS AND OF QUADRATIC EXTENSIONS OF AN IMAGINARY QUADRATIC FIELD STEPHANE LOUBOUTIN
Abstract.
Starting from the analytic class number formula involving its Lfunction, we first give an expression for the class number of an imaginary quadratic field which, in the case of large discriminants, provides us with a much more powerful numerical technique than that of counting the number of reduced definite positive binary quadratic forms, as has been used by Buell in order to compute his class number tables. Then, using class field theory, we will construct a periodic character x . defined on the ring of integers of a field K that is a quadratic extension of a principal imaginary quadratic field k , such that the zeta function of K is the product of the zeta function of k and of the L-function L(s, x) • We will then determine an integral representation of this L-function that enables us to calculate the class number of K numerically, as soon as its regulator is known. It will also provide us with an upper bound for these class numbers, showing that Hua's bound for the class numbers of imaginary and real quadratic fields is not the best that one could expect. We give statistical results concerning the class numbers of the first 50000 quadratic extensions of Q(() with prime relative discriminant (and with K/Q a non-Galois quartic extension). Our analytic calculation improves the algebraic calculation used by Lakein in the same way as the analytic calculation of the class numbers of real quadratic fields made by Williams and Broere improved the algebraic calculation consisting in counting the number of cycles of reduced ideals. Finally, we give upper bounds for class numbers of K that is a quadratic extension of an imaginary quadratic field k which is no longer assumed to be of class number one.
Class numbers of imaginary quadratic fields
Let k be an imaginary quadratic field with discriminant D < 0 and character X ■ The analytic class number formula for this field is ¿71 Knowing the functional equations satisfied by the zeta function of k and the Riemann zeta function, one can easily deduce the functional equation satisfied by their quotient Lis, x). ie> F(s) = Pi 1 ~ s) with Fis) d¿f (ï^ï) SV(s)L(2s -l,x) = j"aWj > with def ait) = yjrx{n)ne-™">M, t>0.
Moreover, L(2s -1, x) -E¡v>i ün/Ns with un = 0 whenever N ^ n2, and un = nx(n) whenever N -n2. Hence, from Ogg [17, Introduction] , we get a(t) = r3l2a(rx), dt /oo a(t)(f + t3'2'3)
Kl.»).EîfiÛ«p(_^) + WJEï(.) p e-*äu.
We note that this expression for L(l, x), combined with the fact that \x(n)\ < 1, and a comparison of series with integrals yields Hua's result quoted in [ 10, Chapter 2]: L(l, x) < Log(y/\D\) + 1 (the Log(^/\D\) term coming from the first sum, and the constant term from the second sum).
Then, with S(n) = J2l=l X(k), we have UUx) = 22"cxP -Tñ7 )+2\Tñ\¿-<S{n) / ,_ eudu.
¿£ n V \D\J Vl^l^i Jn^m
As there exists c e (a, b) such that ¡a f = (b -a) fia) + {b~2a) fie), we have
Since |£(w)| < « , using a comparison of series with integrals, we get Remark. If one uses this formula to calculate the class number of k, then h (Is) approximates h(k) much more accurately than the error bound given above would suggest. Indeed, empirically, the error tends to zero as \D\ tends to infinity.
Numerical application. Let k = Q(x/-P) with p prime and p = 1 (mod 4). The 2-Sylow subgroup of the ideal class group of k is Z/2"Z for some n > 1, such that n = 1 if and only if p = 5 (mod 8). We searched for the primes p = 1 (mod 4), p < 8 • 107, such that the ideal class group of k is a cyclic 2-group Z/2"Z, n > 1, i.e., such that h(Q(^/^p)) = 2" , n > 1. The imaginary quadratic fields of class number two were determined by Stark [20] , hence niQiV-P)) = 2 if and only if p = 5, 13, or 37. Hence, we only sieved the primes p = 1 (mod 8) less than or equal to 8 • 107 such that the prime ideals above the smallest noninert prime in k/Q have order 2k in the ideal class group, for some k > 0 (thanks to Hua's upper bound h(Q(,/zrp)) < 2^-(Log(y/4p) + 1) we only have to check whether P2' is principal or not for some i such that 1 < 2' < ^(Log(v/4p) +1)). Using Theorem 1, we then calculated the class numbers of these fields to get 1997 fields for which h(k) = 2" , n>2. Our computations provide us with Table 1 . Pmin(«) "= Min{/7 ; p = 1 (mod 4), h(k) = 2", p < 8 • 107} , Nnà=t{p;p=\ (mod 4), h(k) = 2" , p<8-107}, Pmax(n) =f Max{p ;p=\ (mod 4), h(V) = 2" , p < 8 • 107} .
We decided to limit our numerical computations to p < 8 • 107 because Theorem 1(2) of Louboutin [13] (which assumes the generalized Riemann hypothesis) provides us with the lower bound h(Q(^/zrp)) > 512, /? > 8-107. Hence, Table 1 is complete up through n = 9 (under the assumption of the generalized Riemann hypothesis).
Class numbers of quadratic extensions of a principal imaginary quadratic field
Let k be any one of the nine principal imaginary quadratic fields, and let Rk be its ring of integers and D its discriminant. Let K/k be a quadratic extension with relative discriminant 8 = <5K/k > and let A = | <5k/ic 12 • In °ur first theorem below, we assume that there exists a primitive character x defined on Rk, with conductor the ideal (¿K/k), taking the value +1 on the finite units group Uk of Rk (with cardinality w(k) equal to 2 whenever k ^ Q(z'), Q(j) (where j = (-1 + i\Í3)/2), equal to 4 whenever k = Q(z'), and equal to 6 whenever k = Qij)). We assume that the factorization Ck(s) = Ck(s)L(s, x) is valid. We finally define Our main purpose of giving Theorem 2 is to provide an efficient way to calculate the class numbers of these quadratic extensions (see the numerical examples below). The regulator R(K) can be calculated using Amara's [1] techniques; then Theorem 5 will provide us with the computation of x(z) ■ Theorem 3. With effective 0(1) and e(A) we have :
These upper bounds do not depend on the discriminant of k and greatly improve the general upper bound h(K)R(K) = 0(y/jL\rJ\L.og"~x(\DK/Q\)), with K a number field of degree n and with discriminant Ac/q (see notes of Chapter VIII in [16] ).
Remarks. 1. We first note that Hua's result quoted above provides us with the upper bound h(k)R(k) < jVDLog(\/D)(l + s(D)), for k a real quadratic field with discriminant D > 0. Thus, as to(Q) = 2, our result above is a generalization of this well-known upper bound for the class numbers of real quadratic fields. is a primitive character defined on Rk with conductor the ideal (¿K/k). for which Ck(s) = Ck(s)L(s,x), and for which *(Uk) = {+1}.
Proof. Let FrK/k be the Frobenius automorphism of the extension K/k. Since the Galois group {Id, a] of K/k has order 2, and since FrK/k(P), whenever P is a prime ideal, has order equal to the residue class degree, then FrK/k(P) = Id whenever P splits, and FrK/k(P) = o whenever P is inert. Hence, FrK/k We will say that z e Rk is odd if A^/qO) = \z\2 is an odd integer, and that z is primitive if, for n G N*, «Rk divides zRk implies n = 1 . We will then give the tools which will enable us to calculate xiz) > z £ Rk • We first note that the symbol defined in Theorem 4 extends to a symbol n j \ \z-Proof of Theorem 5. In order to prove (a) and (b), we first note that they are both satisfied as soon as one of the symbols they involve equals zero.
(a) Since p is inert, Rk/(p) is a finite field with p2 elements. Moreover, Z y^> Z , being a nontrivial (Z/pZ)-isomorphism of this field, is its own Frobenius, i.e., Z = ZP (mod pRk). Thus, because Tr(zZ) = Tr(z/V) (mod |z|2Z). Hence, we get the desired result. D Remarks. In our previous paper [14] , we focused on the case k = Q(z'), using the quadratic reciprocity theorem for the symbol [-] due to Dirichlet [7] (who derived it from the quadratic reciprocity theorem for the symbol (-)). We first constructed the character x of quadratic extensions of Q(z'). Using this character and calculating Gauss' sums, we proved that x is primitive, and that we have an integral representation of L(s, x) from which we deduced its functional equation. Here, we make use of strong results such as the functional equations satisfied by the zeta functions of K and k, and the fundamental theorem of class field theory. This, without tedious calculations, enables us to construct our character, to show that it is primitive, and to obtain the integral representation of L(s, x) ■ The more concepts, the less calculation.
Statistical results in the case k = Q(z'). Now we will study the distribution of the class numbers of the quadratic extensions K/k with relative discriminant ¿K/k a noninert prime in Rk, i.e., A = |¿K/k|2 -P is an odd noninert prime in k/Q. Our task will be to extend the calculations made by Lakein [12] and to compare the distribution of these class numbers with the distribution of the class numbers of the real quadratic fields Q(%/p), p = 1 (mod 4) prime. Note that if ¿K/k is a noninert prime in Rk, then ¿K/k is primary, i.e., congruent to a square modulo 4Rk (see Louboutin [15] ), A = 1 (mod 8), and h(K) is odd. Hence, Hecke's quadratic reciprocity theorem gives x(z) -[^/(¿K/k)] > z an odd integer in Rk . Both symbols being periodic with period ¿K/k , and ¿K/k being odd, this identity is still true whenever z is not odd (z + ¿K/k then being odd). Hence, xiz) -(Tr(^)Tr(7rZ)/p), z e Rk . This enables us to calculate Xiz), z e Rk, in a much more efficient way than using xiz) = [¿K/k/(z)lIndeed, in order to use this last formula we have to find n such that z = nz', with z' primitive. Moreover, if ¿K/k = a + iß , then a is odd, ß is even, and one can check that xiz) = i(aX + ßy)/p), for z = x + iy. From [14] Thus, the nearest integer to A(K) provides us with the class number. The regulator R(K) = | Log(|z/K|2)| is calculated using Amara's technique to get the fundamental unit t/k of K. Tables 2 and 3 summarize the results of our computations: we computed the class numbers of the first 50000 quadratic extensions K/Q(z) with K/Q a non-Galois quartic extension and with ¿K/k an odd prime in Q(z'). The case where ¿K/k is a rational prime p = 3 (mod 8) was excluded, since Dirichlet's theorem applies to show that /z(K) = h(p)h(-p), the product of the quadratic class numbers. We note that this distribution of class numbers is very close to the one conjectured by Cohen and Martinet [5] , i.e., very close to that of the real quadratic case with prime discriminants (see Stephens and Williams [21] for extensive calculations in this real quadratic case).
We first note that our asymptotic upper bound h(K) < ^\/A( 1 + e(A)) given in Theorem 3(b) nicely compares with the results of these computations. Moreover, one can observe that £ 2^a<* ni^) seems to tend to a limit as x tends to infinity, even though it is not quite clear to us which value one would conjecture for lim^oo i Y,A<X A (A). Recall that in the case of real quadratic fields with prime discriminants Cohen and Martinent [5] conjectured that lim I £ h(Q(^))=1-. p<x p=l [4] 3. Upper bounds of class numbers of quadratic extensions of an imaginary quadratic field
We no longer assume that k is principal. Our task is to strengthen Theorem 3(b) and prove the following result. Our proof, which also applies in the situation studied by Barrucand, Loxton, and Williams [3] , would have provided them with upper bounds half as large as the ones they obtained. /d) ). Now, whenever z e Rk has even absolute norm Nk/q(z), then xiz) -0, and whenever z has odd absolute norm, then xiz) = [¿K/k/(z)l • Thus, we can calculate xiz) > and A(K), with the help of Theorem 2. Indeed, we have already explained in [14] how to choose M such that the nearest integer to
yields the class number A(K), using the power series expansion E(x) = -yLog(x) -Yin>x(-l)"x"/nn\ (with y being Euler's constant) to get the values E(2n\z\2/-/A\D\).
We will give the results of our computations in Table 4 In this case, P3 is ramified in K/k and P'3 is inert in K/k, or P3 is inert in K/k and P'3 is ramified in K/k. h(K)<M(A)(l+e(A)), (a) A(K) < A/,,r(A)(l + e(A)) whenever P3 and P'3 are ramified in K/k, (b) A(K) < Afr,,-(A)(1 + e(A)) whenever one of the prime ideals of Rk lying above (3) is ramified in K/k while the other is inert in K/k, (c) A(K) < Af,-,,-(A)(l +e(A)) whenever P3 and P'3 are inert in K/k. In Table 4 , we give the values of these asymptotic upper bounds according as we are in case (a), (b), or (c). Observe that these upper bounds nicely compare with A(K), and compare much better with A(K) than the general upper bound M (A) of Theorem 6. Moreover, this table agrees with our previous paper [15, Corollary 10(b)], i.e., with our determination of the 2-rank of the ideal class group of quadratic extensions of principal imaginary quadratic fields: if ¿K/k has / distinct prime factors in Z[\/^2], then the ideal class groups of the quadratic extensions of Q(\/^2) have 2-rank t -1 if none of the odd prime divisors of A is congruent to 3 modulo 8, and have rank t -2 otherwise (in our table, the bold prime factors of A are those that are congruent to 3 mod 8).
